Abstract. We give a computationally effective criterion for determining whether a finite-index subgroup of SL 2 (Z) is a congruence subgroup, extending earlier work of Hsu for subgroups of PSL 2 (Z).
Recall that a finite-index subgroup of SL 2 (Z) is said to be a congruence subgroup if it is defined by congruence conditions on the entries of its elements; formally, a subgroup is congruence if it contains the subgroup Γ(N ) of matrices congruent to the identity modulo N , and the least such N is its level.
We are interested in the following question:
Question. Is there an efficient procedure that will determine whether a finite-index subgroup of SL 2 (Z) is congruence?
One such algorithm follows from the following theorem, proved in [KSV11] , which is an extension of a classical theorem of Wolfahrt:
Theorem 1 (Kiming-Schütt-Verrill). Let Γ ≤ SL 2 (Z) and let d be the lowest common multiple of the widths of the cusps of Γ. If Γ is congruence, then its level is either d or 2d.
(The case of level 2d can only occur if Γ is odd, i.e. does not contain −1.) In principle, one can now determine whether Γ is congruence by calculating explicitly a list of generators for Γ(N ), where N = d or 2d as appropriate, and testing whether each of these is contained in Γ. This approach is used in op.cit. in order to give explicit examples of non-congruence lifts to SL 2 (Z) of congruence subgroups of PSL 2 (Z). However, the number of generators of Γ(N ) grows rather quickly with N , so this algorithm rapidly becomes impractical for large values of N .
We present the following alternative approach to the above problem. As has been noted by Hsu [Hsu96] and others, a convenient data structure for representing a subgroup of SL 2 (Z) of index m is by the homomorphism SL 2 (Z) → S m given by left multiplication on the cosets SL 2 (Z)/Γ. This, in turn, can be represented by two permutations giving the action of the generators L = 1 0 1 1 and R = 1 1 0 1 of
The computer algebra package Sage contains a library of routines for working with subgroups defined in this way, implemented by Vincent Delecroix and the second author based on an earlier implementation by Chris Kurth. (One could clearly adapt this argument to work with other explicit descriptions of Γ as long as one has an algorithm for computing whether a given element of SL 2 (Z) lies in the normal core of Γ.)
We now reproduce, for the reader's convenience, an explicit list of relations L N as in Theorem 2 (which are almost identical to those appearing in [Hsu96, Theorem 3.1]).
• If N is odd, one may take L N to contain the single relation 
(Note that if we assume that −1 ∈ Γ we may replace the last relation with (SR 5 LR −1 L) 3 = 1, which is the relation appearing in Hsu's paper, but for odd subgroups we must use the slightly more complicated relation above.) 
